IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

On a sufficient condition of the existence of N-particle bound states

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1986 J. Phys. A: Math. Gen. 19 2337
(http://iopscience.iop.org/0305-4470/19/12/019)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 129.252.86.83
The article was downloaded on 31/05/2010 at 10:00

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/19/12
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Gen. 19 (1986) 2337-2344. Printed in Great Britain

On a sufficient condition for the existence of N-particle
bound states

D Bolléft, K Chadan§ and G Karner||

T Institut fir Theoretische Physik, Universitat Graz, A-8010 Graz, Austria

§ Laboratoire de Physique Théorique et Hautes Energies*, Université de Paris-Sud, 91405
Orsay, France

|| Institut fiir Theoretische Physik, Universitit Wien, A-1090 Wien, Austria

Received 1 October 1985

Abstract. We use a Birman-Schwinger type analysis to derive a sufficient condition for
the existence of bound states in a certain class of N-body systems. This condition is given
in terms of the underlying subsystem with the threshold energy = = inf o, (H).

1. Introduction

In 1961 Birman and Schwinger introduced a method to control the number of bound
states in a two-body system in three dimensions. Based on the fact that the eigenvalues
of the Schrodinger Hamiltonian h for reasonable potentials v with positive coupling
constant A are continuous and monotonically decreasing functions of A, they noted
that the number of eigenvalues of h (counting multiplicity) below a fixed negative
energy —«’, equals the number of eigenvalues A~'>1 of the so-called Birman-
Schwinger kernel |v]|"/%(—A+«?)7"v|'/%. (We use natural units with A%/2m =1.) This
kernel is Hilbert-Schmidt, even in the uniform limit —«*10. Hence the number of
discrete eigenvalues of the two-body Hamiltonian A is determined by the number of
eigenvalues A 7' >1 of |v|"/%(=A)~|v|"/? where the multiplicities of the corresponding
eigenvalues of h and the Birman-Schwinger kernel are exactly the same. There exist
rather explicit bounds on that number (see, e.g., Reed and Simon (1978) or Simon
(1971) for details).

Klaus and Simon (1980a) extended these arguments to the case of a N-body system
of v-dimensional particles with unique two-cluster threshold X = inf o ( H) <0, where
H denotes the N-body Hamiltonian and o, (H) is the essential spectrum of H. Sigal
(1983a,b) also generalised the Birman-Schwinger principle to the case of specific
N-particle systems.

In this paper we use the above mentioned results for three dimensions to derive a
sufficient condition for the existence of at least one N-body bound state below the
threshold X. This condition is a direct generalisation of the corresponding two-body
result given by Chadan and Martin (1980) (see also Chadan and De Mol 1980). We
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also mention that sufficient conditions for the existence of bound states of N particles
with attractive potentials have been derived using the variational principle (Coutinho
et al 1984).

In § 2 we briefly outline the technical devices to be used. Section 3 derives the
sufficient condition for the existence of at least one N-body bound state below a unique
two-cluster threshold, determined by the ground-state energy of a (N —1)-particle
subsystem, for N =3 particles. The restriction to break-up into a (N —1)-particle
cluster and a ‘free’ particle is just for convenience. Any two-cluster break-up can be
treated in the same way. Finally in § 4 we briefly discuss the corresponding problem
for N-body systems (N =3) with none of the subsystems having a bound state or
resonance at zero energy.

2. Birman-Schwinger kernels
We consider a N-body system of three-dimensional distinguishable particles described
by the Hamiltonian H

acting in % = LAR*N™Y), where H, denotes the free Hamiltonian after the centre-of-
mass motion has been eliminated and where V is the sum of pairwise potentials v;

V=Y v;(r,—r). (2.2)

i<j

Throughout the paper the potentials are assumed to satisfy

v; <0 (2.3)
and

vy € CH(R?). (2.4)
We follow the notation of Reed and Simon (1979). In particular we use clustered
Jacobi coordinates {£,, ..., £én_2, {p}. We assume that there exists a unique partition

D of the N particles into a (N —1) cluster and a ‘free’ particle defining in this way a
two-cluster break-up of the system. Let ;5 (resp Z_,p;) denote the sum over all
particles with (i, j) in the same (resp different) cluster of D. Then we define

Vo=2 v; Ip= ), vy (2.5)
iDj ~iDj

For this partition D one may decompose ¥ as H,®@H° =L R*N? dép)®
Lz(RS, d{p) where £ép=(&, &, ..., én—2). Then

Hp=hp®1+1®(-A,,) (2.7)
with hp, denoting the (N — 1)-particle Hamiltonian. The latter determines the equation
hpp=2Zpip (2.8)

where ¢ is the (N —1)-particle ground state. We need the notion of a unique
two-cluster threshold: we call the partition D unique two-cluster if the threshold
L =inf o (H) =%, <Zp forall possible partitions D and D’ of the N-particle system.
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Following Klaus and Simon (1980a) we define the two-cluster Birman-Schwinger
kernel K(E) by

KD(E)=|ID|1/2(HD_E)~1|IDP/2 (2-9)

for E<XIp=info.(H). We then recall the following results of Klaus and Simon
(1980a).

Lemma 2.1. Let H describe a N-body system with potentials satisfying (2.3) and
(2.4). Let 3 <0 be a unique two-cluster threshold of H. Then K (E) has a norm-limit
Kp(Zp) as ErSp

Lemma 2.2. Let H be the Hamiltonian of a N-particle system with potentials obeying
(2.3) and (2.4) and let 5 <0 be a unique two-cluster threshold. Then the number
N(H) of discrete eigenvalues of H (counting multiplicity) is finite and

N(H)= #{A>1, A an eigenvalue of K5(Zp)}.

In contrast to the two-body case Kp(E) is no longer compact. But for a unique
two-cluster threshold the Birman-Schwinger principle as expressed in lemma 2.2
remains valid.

We now want to use this principle to arrive at a sufficient condition for the existence
of at least one N-body bound state. We start by looking at the following Schrodinger
equation (valid at least in the sense of distributions) for a unique two-cluster break-up:

We know that either ¥ is a bound state (i.e. ¥ € L(R*¥™V) and 2 € o,,(H) where
o,p(HY) is the pure point spectrum of H) or ¥ is a resonance at threshold energy (i.e.
Ve LXR*N7Y) (Klaus and Simon 1980a)) or ¥ is a scattering solution (i.e. ¥ is
oscillating for |{p|> and E>2p). From (2.10) we then obtain

[Ip]'"*W(Zp) = [Ip|"*p+|Ip|""*(Hp = Zp) | Ip|"/*Ip| *¥(Ep). (2.11)
The inhomogeneous term |Ip|"/ ¢, # 0 stems from the unique solution of
(hp— Ay ) (ép) expli( E _20)1/250] = Eyp(ép) expli(E _ZD)]/Z{D] (2.12)

at threshold 2. (We omit the 2, dependence of ¥ in the following.)

Therefore |Ip]"/*¥ defined in (2.11) can be expressed by an absolutely convergent
series (Born series) as long as ||[Kp(2p)|| <1 or, in other words, as long as there are
no N-body bound states below threshold. So to obtain the sufficient condition for
having at least one N-body bound state we have to determine when exactly this iteration
procedure breaks down.

3. Two-cluster break-up: a sufficient condition for having at least one bound state

We now study (2.11) in detail:
[ (Xp)|*¥(Xp)

= ‘ID(XD)P/Z'JJD(fD)

+ IID(XD)P/Z J' dX 5 Gp(Xp, Xb; ED)IID( ’D)lq"(XlD) (3.1
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where £5<0 is a unique two-cluster threshold, X, abbreviates (&p,¢p) and
Gp(Xp, X'p; p) denotes the Green function corresponding to Hp. We prove the
following.

Lemma 3.1. Suppose | Kp(2p)|| <1 and £ <0 is a unique two-cluster threshold of
a (N =3)-body system. Then [1—Kp(2p)]™" is positivity preserving and |Ip|"/*¥, as
well as ¥ defined in (2.11), is positive.

Proof. We note that H,= —Ax_. Hence exp(—tH,) = exp(tAx,) is positivity improving
for all >0 (see Reed and Simon 1978, ch XIII.12, example 1). Therefore we deduce
from theorem XIII.45 and the proposition on p 204 of Reed and Simon (1978) that
(Hp— E)7! is positivity preserving for all E <X (Vp is bounded, see (2.4)). Thus
Kp(E)¢ is positive or the zero function for all positive ¢ € LA(R*~™") and for E <X,
The strong convergence of Kp(E)-> Kp(2p) as E1Z, (see lemma 2.1) implies that
also K(2p)¢ is positive or the zero function for all positive ¢: Kp(Sp—1/n)¢—>
Kp(Ep)é in LA(R*N V) as n » 0o determines the existence of a subsequence {{ Kp(Zp —
1/n;)¢1}jen such that [Kp(Zp—1/n)¢ X Xp) > [Kp(2p)#1(Xp) almost everywhere
as j- 0.
By assumption we have

[1-Ko(2o)]" = ¥ [Ko(Zo)]" (32)

such that [1-Kp(S5)]" "¢ is positive for all positive ¢ € L*(R**™~V). Furthermore
from theorem XIIL.46 of Reed and Simon (1978) we infer that |I|"/yp is positive
and uniquely determined. Therefore it follows that

[Ip|"*¥ =[1- Kp(Zp)1 ' Ip|"*¥p (3.3)

and consequently ¥ is positive.

Next we consider the sphere $°~~* with radius | Xp| = R, which divides the total space
in two regions. We define

M,= inf ¥(Xp) (3.4)
|Xpl<R
and
M,= inf [|Xp|"¥(Xp)] (3.5)
[Xp|>R

with some positive constant v to be specified in lemma 3.2 below. We denote by
xm(Xp) the characteristic function of the set M. Then we have

&(Xp)= |ID(XD)|1/2[‘I’(XD) - infR ‘I’(XD)XlxD(sR(XD)

|Xpl=

- )XD‘_V lxing (W(XD)]XD’V)X{XDbR(XD)] =0 (3.6)

almost everywhere. Therefore K;,(2 )¢ is positive or the zero function (see the proof
of lemma 3.1). Furthermore, we recall that |I5|"yp is positive and ¢p is strictly
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positive. Using this we obtain from (3.1)

‘P(XD)>J.

|Xpl=R

dX5 Gp(Xp, ID;ED)IID(X,D)I inf ¥(XDb)
IX pi=R
+J dX ' Gp(Xp, X p; )| Ip(X )| | X b ™
IX pl>R
x inf (¥(Xp)|X5"). (3.7
X pl>R

!
Taking the infima on both sides, we arrive at

{Xpl=R

M;> M, inf (J dX5 Gp(Xp, b;ZD)IID(Xb)|>
IXpl=R

+ M, inf (J dXp Gp(Xp, ID;ED)lID(XID)HXlDl_V> (3.8)
IXp>R

|Xpl=R

as well as

M,> M, inf <|XD|V J'| 4 dXp GD(XD,Xb;ED)llo(Xb)|)
Xp=R

|Xp|>R

X pl>R

|Xpl>R
(3.9)
To proceed further we need the following lemma.
Lemma 3.2, Define for v =3N -5 the functions F, f and g by
F(Xp)=M, J. dXb Gp(Xp, Xp; ZD)!ID(X,D)i
|X pi=R
+ M, J dXp Gp(Xp, Xb; ZD)IID(Xb)l |Xbl_y
IXpl>R
f(R)= inf F(Xp) and g(R)= inf [|Xp|"F(Xp)].
Xpl= |Xpl=R
Then f is decreasing in R and g is increasing in R.
Proof. We define We L*(R*™™Y) by
W(Xp)= |ID(XD)I[M1X|XDIsR(XD) + M2X|X00>R(XD)’XD|_V] for v=3N-5
(3.10)

and approximate W by a sequence of positive functions W, € C3(R*N") such that
W=1lim,.o W, in LAR*™"Y). We note that W, e Ran(Hp—-3p) for all n since
(Hp—Zp) maps the set of Cy functions onto itself (Vp =X, v, and v; € CJ(R)).
Furthermore, 2(H,)= 2(Hp—Xp). (2(T) and Ran(T) denote domain and range of
the operator T.) Therefore we have

AxoFn=—Ho(Hp~Zp)"' W, € LX(R*VV)
for all n. Thus
Ax,,Fn =-W, ‘ZD(HO-ZD)—1 W, - ' VDI(HD _ZD)_I w,
~2p(Ho=2p)”'|Vp|(Hp ~2p) ™' W.. (3.11)
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From [~25(Hy—2p) ']1<1 in the sense of operators and (3.11) we obtain that
Ax F,=<0,ie. F, is a superharmonic function. (A superharmonic function is minus
a subharmonic function, see Hayman and Kennedy (1976, ch 2).) Then f, defined as
the infimum of a superharmonic function is also superharmonic (Hayman and Kennedy
1976, p 41). This implies f, is decreasing in R (Hayman and Kennedy 1976, theorems
1.12 and 2.8).

The superharmonicity of f, gives (F, and therefore f, are in the domain of H, for
all n)

(Axpfa)(R) = R‘“”"’%(R“”‘“’a%fn(zz)) <0. (3.12)

After multiplication by R and integration from R to infinity, inequality (3.12) becomes

(3N =5)f,(R)+ Rf(R)= lim [BN = 5)f,(R) + Rf(R)]. (3.13)

Because of the fact that f, is positive, decreasing and f%, € H*'(R*™~") we obtain that
the rHs of inequality (3.13) vanishes for R » co (H*' is the Sobolev space of order one).

As a consequence we deduce

d
—ROBNIf (R)=0 3.14
dR /.(R) (3.14)
proving that R®~~%f,(R) is increasing in R for all n.

The boundedness of K,(2p) implies that | dX 5 Gp(Xp, X p; 2p) W(Xp) exists
almost everywhere. Therefore it follows by dominated convergence that F,(Xp)-
F(Xp) as n—>co almost everywhere. Hence F and f are decreasing functions and
RCN™9f(R) is an increasing function of R.

As a consequence of lemma 3.2 the infima in inequalities (3.8) and (3.9) are reached
at |Xp|=R. We set

inf (J " dXp GD(XD,X'D;ED)lID(Xb)|>=]1 (3.15)
XpH=R

inf (J{ ) dX b Gp(Xp, X p; Ep)lIp(X b)) IX’DI‘">=12. (3.16)
Xp>R

[Xpl=R

Then inequalities (3.8) and (3.9) are simply rewritten as

M,> M J, + M,J, (3.17)

M,> R*(M,J,+ M,J,). (3.18)
This implies

M J+ MoJ, > (J,+ RL) (M, + L, M,). (3.19)

Therefore a necessary condition for the absence of discrete eigenvalues of H (i.e.
convergence of the Born series for V) is expressed by J,+ R*J,< 1.

Throughout the exposition we discussed the break-up of the N-body system into
a (N —1)-body subsystem and a ‘free’ particle. This restriction was assumed for
convenience only. Since X =inf o, (H) <0 is determined by a splitting of the system
into two clusters (Reed and Simon 1978, p 122), our final result, as stated in theorem
3.3 below, extends to the most general situation.
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Theorem 3.3. Suppose Z=inf o (H)=X25<0 to be a unique two-cluster threshold
of the N-particle Hamiltonian H (N = 3) with potentials obeying (2.3) and (2.4). Then
a sufficient condition for H to have a discrete eigenvalue is given by

inf (J dXp GD(XD,X;;;ED)UD(X;,)I)
| X h=R

|Xpl=R

|Xpl=R

+R” inf (J’ dX'p Gp(Xp, Xb; 2D)IID( ID)' IXbl_y) >1
|X 5> R
for arbitrary R and v =3N -5.

Replacement of the inequality in theorem 3.3 by an equality means that an eigenvalue
or resonance of H just appears at threshold out of the continuous spectrum.

4. N-cluster threshold for (N = 3)-body systems

The threshold £ =0 is called N-cluster if none of the subsystems has a bound state
or resonance at zero energy. There is no equivalent to (2.11) in L*(R*™~") for the
N-cluster threshqld. Nevertheless the homogeneous equation

VIRHZ VIV ) = A Ve (4.

makes sense and the number of eigenvalues A "' > 1 of this N-cluster Birman-Schwinger
kernel determines the number of discrete eigenvalues of H (Karner 1985).

Therefore the following conjecture seems to be justified. A sufficient condition for
the existence of a bound state in a (N = 3)-body system with N-cluster threshold and
potentials obeying (2.3) and (2.4) is

inf I dX' Gy(X, X'; 0)| V(X")|
|X‘|=R

|X|=R

+R?” inf j dX' Go( X, X', 0| V(X)X >1 (4.2)
IX{=R J|x'|>Rr
for arbitrary R and v=3N -5 (X =(¢§,,..., é~-,) are the Jacobi coordinates). The
Green function Go( X, X'; 0) corresponding to H, is explicitly known (e.g. Jensen 1980).
(i) For N =even number of particles (. =3(N —1)):

Go(X, X3 0) =2472/2(2ar) =7V 2(u = 3){[(n = 3)/ 21| X = X |74 72 (43)
(i) For N =o0dd number of particles (x =3(N —1)):
Go(X, X';0) =477 (u/2-2)1|X - X'|7 2, (4.4)

Finally we remark that | V|"/>H7'| V|"/?is bounded for v; € L?(R*) ~ LY(R*) with g <3< p
(e.g. Sigal 1983b). Hence the condition (4.2) is expected to hold for a large class of
potentials.
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